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20 ( Beals-Fefferman[l] 2
$Lerner[6|$ $(\Psi)$ H\"ormander[5|
) (1992 ) $Lerner[8|$ Nirenberg-Treves
” ” Nirenberg-Treves
$(\Psi)$ $L^{2}$ ( $1.1$
)
$(\Psi)$ $R^{n}$ 1 $P$ $r$
H\"ormander Lie brackets $(C.H)_{r}$ $P$ $P^{*}$
: $\forall K\subset R^{n}$ compact, $\exists C_{K}>0$ ;
(1) $||u||_{\delta}\leq C_{K}(||P^{*}u||+||u||),$ $u\in C_{0}^{\infty}(K),$ $\delta=1/(r+1)$ .
$P^{*}$ (1) $P$ $(\Psi)$ $(C.H)_{r}$
$Egorov[2]$ H\"ormander[4] (1)
$P$ $L^{2}$ $p*$ $(\Psi)$ $(C.H)_{r}$
(1) (microlocalization)
$P^{*}$ Mizohata $D_{t}+it^{l}|D$ Egorov













$P=P(x, D_{x})$ $R^{n}$ $m$ $P$
$P(x, \xi)$
$P(x,\xi)=p_{m}(x, \xi)+p_{m-1}(x,\xi)+\cdots$
$p_{j}(x,\xi),$ $j=m,$ $m-1,$ $\cdots$ $C^{\infty}(T^{*}(R^{n})\backslash 0)$
$p_{j}(x, \lambda\xi)=\lambda^{j}p(x, \xi)(\lambda>0, \xi\neq 0)$
$1.1$ . $P$ \Omega \subset Rn (locally solvable)
$x_{0}\in\Omega$ $x_{0}$ \omega 1, $\omega_{2}$ $(\overline{\omega}_{1}\subset\omega_{2})$
$\forall f\in C_{0^{\infty}}(\omega_{1}),$ $\exists u\in \mathcal{E}’(\omega_{2})$ ; $Pu=f$ in $\omega_{1}$
$P$ $x_{0}$ $x_{0}$ \omega $P$




$1.2$ . $P$ $x_{0}$ $x_{0}$ $\omega$
$s$ ,t\geq 0 $C>0$
(1.1) $||u||_{-s}\leq C||P^{*}u||_{t},$ $\forall u\in C_{0}^{\infty}(\omega)$
$P^{*}$ $\circ s=t=0$ (1.1) $L^{2}$
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$P$ $P$ $p_{m}(x, \xi)=p(x,\xi)$
$d_{x,\xi}p(x,\xi)\neq 0$ on $\Sigma=\{(x,\xi)\in T^{*}(R^{n})\backslash 0;p(x, \xi)=0\}$
$P$ $P$ $p(x,\xi)$ Nirenberg-
Treves * (H\"ormander [5; Thm. 26.4.7])
$\{d_{x,\xi}{\rm Re}(zp)(x, \xi)\neq 0$
$z\in C$
$(\Psi)$ e\langle ( Inmu(lzlp-b)i 7a\ddagger \supset ic r-is
$P^{*}$ $\overline{p}(x, \xi)$ $P^{*}$
(\Psi ) ”- + ” ”+ ” ( (\Psi -)
) $P$ $p_{m}(x, -\xi)=(-1)^{m}p_{m}(x, \xi)$
$(\Psi)$ $(\overline{\Psi})$
”
${\rm Im}(zp)$ ” (
$(P)$ ) $Beals- Fefferman[1|$ $P$ $(P)$
(1.1) $s=t=0$ $P$ $L^{2}$
$H\ddot{\circ}rmande[5]$ 26 $(P)$ $P$ (regularity)
$(P)$ ${\rm Im} zp=q$





H\"ormander $(C.H)_{r}$ : $p_{1}(x, \xi)=$
${\rm Re} p(x, \xi),$ $p_{2}(x, \xi)={\rm Im} p(x, \xi)$ $H_{J}$ $pj(j=1,2)$ Hamilton vector $H_{j}=$




. . . $H_{i_{k-1}}p_{i_{k}}(x,\xi)|\neq 0$
$(x, \xi)\in\Sigma=\{(x, \xi)\in T^{*}(R^{n})\backslash 0;p(x,\xi)=0\}$
(1) $(\Psi)$ $(C.H)_{r}$
([2], [4], $[5;Thm$. 27.1.11], cf., $[16|,[17|$ ) $suppu$ $-\vee$
(1) (1.1) with $s=t=0$ $P$
* null-bicharacteristic Matsumura[10] [14][15]
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(\Psi ) (CH)r
1.1 $P^{*}$ $P$ (1.1)
$P$ $p(x, \xi)$ $(\overline{\Psi})$ symplectic 1
Malgrange $\Sigma$ $(x_{0}, \xi_{0})$ $V$
$p(x,\xi)=e(x, \xi)(\xi_{1}+iq(x, \xi’)),$ $0\neq e\in S_{1}^{m_{0}-1},$ $q\in S_{1,0}^{1}$
$\xi=(\xi_{1},\xi’)$ $(x_{1},\xi_{1})$ $(t, \tau)$
$(x’, \xi’)$ $(x, \xi)$
(1.3) $\tau+iq(t, x, \xi),$ $q\in S_{1,0}^{1}$ ,
$(\overline{\Psi})$ non-zero $e$
$(\overline{\Psi})$
(1.4) $q(t, x,\xi)>0$ and $s>t$ imply $q(s, x,\xi)\geq 0$
$d_{x,\xi}q\neq 0$ symplectic 1
$q(t, x, \xi)=a(t, x, \xi)(\xi_{1}+b(t,x,\xi’)),$ $a(t, x,\xi)\neq 0$ $a$




(2.1) $P=D_{t}+it^{s}(D_{x_{1}}+f(t)x_{1}^{b}|D_{x}|)$ in $R_{1}\cross R_{x}^{n},$ $i=\sqrt{-1}$,
$s,$ $b\geq 0$ $f(t)\in C^{\infty}$ $f’(t)>0Q\neq 0)$
$f(t)=t^{k},$ ( $k$ ) $P$ $Egorov$ H\"ormander
$s,$
$b$ $f$ $(\overline{\Psi})$ ( (1.3))
$f(t)$
$1$ . $P$ 1)
(2.2) $f(t)= \int_{0}^{t}\exp(-|\sigma|^{-\kappa})d\sigma,$ $\kappa>0$ .
$\forall\epsilon>0,$ $\forall K\subset R_{t,x}^{n+1}c\circ mpact$ $\exists C=C_{\epsilon,K}$ ;
$||(\log\Lambda)^{1/\kappa}u||$ $+$ $||(\log\Lambda)^{1+1/\kappa-\epsilon}\chi(t(\log\Lambda)^{1/\kappa})u||+||D_{t}u||$
$(2.3)$
$\leq$ $C(||Pu||+||u||)$ for $u\in C_{0}^{\infty}(K)$ ,
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$\Lambda^{2}=2+|D_{x}|^{2}$ $\chi(t)\in C^{\infty}$ $\chi(t)=0(t\leq 2)$ $\chi(t)=1(t\geq 3)$
$P^{*}$ $\kappa<s+1$ $P$
(2.1) $x_{1}^{b}$ $f’(t)$ order
2. $g_{\nu}(t)=|t|^{|\log|t||^{\nu}}$ for $\nu>0$ $P$ (2.1) $t^{s}$
$x_{1}^{b}$ $g_{\nu’}(t)(0<\nu’<1)$ $g_{\nu’’}(x_{1})(\nu’’>0)$ $f(t)$
$C^{\infty}-$ $\exists\nu_{0}>0$
(2.4) $|t|^{|\log|t||^{\nu_{0}}}\exp(-|t|^{-\kappa})\leq f’(t)\leq|t|^{-|\log|t||^{\nu_{0}}}\exp(-|t|^{-\kappa}),$ $\kappa>0$
$f’(t)$ $t>0$ (2.3 $||D_{t}u||$
$||D_{t}\chi(|D_{t}|/\Lambda)u||$ $P^{*}$ $P$
2
. 2 $P$ $g_{\nu’}(t)$ $H(t)g_{\nu’}(t)$ $P^{*}$
$H(t)$ Heaviside
(2.5) $\tilde{P}=D_{t}+i\alpha(t)(D_{x_{1}}+f(t)g(x_{1})|D_{x}|)$ in $R_{t}\cross R_{x}^{n}$ ,
$f(0)=0$ , $\alpha(t),g(t)$ $f’(t)$ $C^{\infty}$ - $t>0$
$\alpha(0)=g(0)=f’(0)=0\alpha(t),g(t),$ $f’(t)>0$ for $t\neq 0$ .
$\Phi(t)=\log f’(t)$ $t>0$
(2.6) $C_{1}t\Phi’(t)\geq|\Phi(t)|^{\theta_{0}}$ for $\exists\theta_{0}>0,$ $\exists C_{1}>0$ ,
(2.7) $\Phi^{m}(t)\geq 0$ , $|\Phi’(t)|^{2}>2|\Phi’’(t)||\Phi(t)|^{\theta_{1}}$ for $0<\exists\theta_{1}<\theta_{0}$ ,
(2.8) $\frac{\alpha’(t)}{\alpha(t)}\leq C_{2}\frac{(\log|\Phi(2t)|)^{\theta_{2}}}{t\backslash }$ for $0<\exists\theta_{2}<1$ and $\exists C_{2}>0$ ,
$C_{3}\alpha(t)g(t\alpha(t)|\Phi(t)|^{-\theta_{3}})\exp(|\Phi(t)|^{\theta_{1}})\geq t^{-2}|\Phi(t)|^{2\theta_{3}}$
(2.9)
for $0<\exists\theta_{3}\leq\theta_{0}-\theta_{1}$ and $\exists C_{3}>0$ .
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$3$ . $\tilde{P}$ -( $\tilde{P}^{*}$
(2.8), (2.9) \alpha , $g$ , f ’ order 1, 2
$(2.6)-(2.9)$
$f’(t)=\exp(-(\exp|t|^{-\kappa_{1}}))$ , $\alpha(t)=\exp(-|t|^{-\kappa_{2}})$ ,
(2.10)
$g(x_{1})=\exp(-|x_{1}|^{-\kappa_{3}})$ if $\kappa_{1}>\kappa_{2}>0$ and $\kappa_{3}>0$ .
$\theta_{0}=1,$ $\theta_{1}<1,$ $\theta_{2}>\kappa_{2}/\kappa_{1}$ $\theta_{3}<\theta_{1}/\kappa_{3}$
(2.6) f’ $t=0$ (2.1)
$f(t)=t^{k}$ ( $k>0$ ) $t^{s}$ $\exp(-|t|^{-\kappa})$ $(\kappa>0)$
3
(1.3)
$\rho 0=((O, 0),$ $(0, \xi_{0}))\in T^{*}(R_{t,x}^{n+1})\backslash 0$ $V$ $P$
(2.11) $P=D_{t}+iQ(t, x, D_{x}),$ $Q\in S_{1,0}^{1}$
$Q$ $q(t, x, \xi)$ (1.4) $\Gamma$
$p=\tau+iq(t, x, \xi)$ \Sigma (12)
$\rho_{0}\in\Gamma$




$0\leq h\leq 1,$ $h(x)=1$ for $|x|\leq 1/5$ $h(x)=0$ for $|x|\geq 7/24$
$\delta>0$ $h_{\delta}(x)=h(x/\delta)$ $H_{\delta}(x,\xi;\lambda)=h_{\delta}(x)h_{\delta}(\lambda\xi-\xi_{0})$ $\lambda$
$0<\lambda\leq 1$ $\delta_{1}$ $\{|t|\leq 2\delta_{1}\}\cross supph_{2S_{1}}(x)h_{2S_{1}}(\lambda\xi-\xi_{0})$
$V$ $R_{t}\cross R_{x}^{n}\cross R_{\xi}^{n}$ $0<\lambda\leq 1$
$P_{\lambda}=D_{t}+ih_{\delta_{1}}(x)Q(t, x, D_{x})h_{6_{1}}(\lambda D_{x}-\xi_{0})\equiv D_{t}+iQ_{\lambda}(t, x, D_{x})$
4. $P$ \mbox{\boldmath $\rho$}o $=((0,0),$ $(0, \xi_{0}))\in T^{*}(R_{t,x}^{n+1})\backslash 0$ $V$ (2.11)
(1.4) \Gamma \mbox{\boldmath $\rho$}o\in \Gamma (2.12)
$\delta_{1}$ $\delta>0$ $100\delta<\delta_{1}$ \delta
\varphi (x, $\xi;\lambda$) $\in S_{1,0}^{0}$ $\alpha(t, x, \xi)\cdot\in C^{\infty}(R_{t};S_{1,0}^{0})$ $\{\varphi(x, \xi;\lambda);0<\lambda\leq 1\}$
$S_{1,0}^{0}$
(2.13) $\{\begin{array}{l}\varphi\underline{>}1outsideof\sup pH_{5\delta}(x,\xi\cdot.\lambda)\varphi=0on\sup pH_{5}(x,\xi\cdot.\lambda)\end{array}$
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(2.14) 1 $(H_{q}\varphi)(t, x,\xi;\lambda)|\leq\alpha(t, x, \xi)$ on $\{|t|\leq\delta_{1}\}\cross suppH_{100\delta}(x, \xi;\lambda)$ ,




if $u(t, x)\in C_{0}^{\infty}([-\delta_{1}, \delta_{1}];S(R_{x}^{n}))$ .
(2.16) $\rho_{0}\not\in WF(Pu)$ implies $\rho_{0}\not\in WF(u)$ for $\forall u\in \mathcal{D}’(R^{n+1})$ .
1 (2.3) $\kappa<s+1$ 4 \varphi (x, $\xi$ ) $=(1-h_{5\delta}(x))+(1-$
$h_{5\delta}(\lambda\xi-\xi_{0}))$ $\alpha(t, x, \xi)=t^{s}$ (2.16) 1
2 1-3 [13]




$P_{\lambda}=D_{t}+it^{s}(D_{y}+f(t)y^{b}\lambda^{-1}),$ $f(t)= \int_{0}^{t}\exp(-|\sigma|^{-\kappa})d\sigma,$ $\kappa>0$
$|||\log\lambda|^{1/\kappa}u||^{2}$ $+$ $|||\log\lambda|^{1+1/\kappa-\epsilon}\chi(2t|\log\lambda|^{1/\kappa})u||^{2}+||D_{t}u||^{2}$
(3.1) $\leq$ $C(||P_{\lambda}u||^{2}+||u||^{2})$
for $u(t, y)\in C_{0}^{\infty}([-1,1]^{2})$
(2.1) $u\in C_{0}^{\infty}([-1,1]^{2})$ (3.1)
$t_{1}=|\log\lambda|^{-1/\kappa}$ $f’(t_{1})\lambda^{-1}=1$












$||P_{\lambda}u||^{2}$ $=$ $||D_{t}u||^{2}+$ } $|t^{s}B_{\lambda}u||^{2}$
(3.4)
$+$ $2{\rm Re}(st^{s-1}B_{\lambda}u,u)+2{\rm Re}(V_{\lambda}u,u)$,
(3.5) $V_{\lambda}=V_{\lambda}(t,y)=t^{s}y^{b}f’(t)\lambda^{-1}$ .
$suppu\subset\{|t|\geq t_{1}/2\}$





(3.1) (3.3) (3.7) (3.7)









(3.9) $f’(t)\lambda^{-1}\geq|\log\lambda|^{a\langle\lambda)(1-\mu\langle\lambda))}$ if $|t|\geq t_{2}$
$(1+\mu)^{1/\kappa}=1+\mu/\kappa+O(\mu^{2})$
(3.10) $t_{2}-t_{1}=O(|\log\lambda|^{-1-1/\kappa}(\log|\log\lambda|)^{\ell+1})$,
$R=O(J)$ $C^{-1}<R/J<C$ \mbox{\boldmath $\lambda$} $C>0$
$\gamma_{0}=t_{1}/2$ $\gamma_{j}=\gamma_{j-1}/2$ for $i=1,2,3,$ $\ldots$
$N$ \gamma NN $<2(t_{2}-t_{1})$ (3.10)
(3.11) $N=O(\log|\log\lambda|)$
$i\geq N+1$ $\gamma_{j}=\gamma_{N}$ $t_{0}=t_{1}-\gamma_{0}$
[to, $t_{1}$ ] $[t_{1}, \infty$ ) : $I_{1}=[to, t_{0}+\gamma_{1}]$ $i=1,2$,3, $\cdot$ . .
$I_{j+1}=[\overline{\gamma}_{j},\overline{\gamma}_{j+1}]$ $\overline{\gamma}_{j}=t_{0}+\Sigma_{k=1}^{j}\gamma_{k}$ for $j=1,2$,3,
$[t_{0},t_{1}]=I_{1}\cup\cdots\cup I_{N}\cup I_{N+1}$ and $[t_{1}, \infty$ ) $= \bigcup_{j}^{\infty_{=N+2}}I_{j}$
$j=1,$ $\cdots,$ $N$
(3.12) $\mu_{j}=|\log\lambda|^{-s/\kappa}\gamma_{j}$
$j\geq N+1$ $\mu_{j}=\mu_{N}$ $l$ (3.5) (3.9)
(3.13) $V_{\lambda}(t,x_{1})\geq\gamma_{j^{-2}}$ on $\{|t|\geq t_{2}\}\cross\{|y|\geq\mu_{j}\}$
$J_{j}=[-\mu J, \mu_{j}]$ $Q_{j}$ $R_{t,y}^{2}$ $I_{j}\cross J_{j}$
$\ovalbox{\tt\small REJECT}$ 4 $I_{j^{*}}=[\overline{\gamma}j-1,\overline{\gamma}j+3\gamma j]$ $(i=\backslash 1, \cdots, N+2)$
$j\geq N+3$ $I_{j^{*}}=I_{j}$ $i=1,2$,3, $\cdot$ . . $Q_{j}^{*}$
arectangle $I_{j^{*}}\cross[-2\mu_{j}, 2\mu i]$
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Lemma 3.1. $\exists c_{0}>0$ ;
$\int_{Q_{j}^{*}}|D_{t}u|^{2}+t^{2s}|(D_{y}+f(t)y^{b}\lambda^{-1})u|^{2}+V_{\lambda}(t, y)|u|^{2}dtdy$
(3.14)
$\geq c_{0}\gamma_{j^{-2}}\int_{Q_{j}}|u|^{2}dtdy$ for $u(t, y)\in C^{1}([-1,1]^{2})$ .
Proof. [3; p.148] (see also [11; Lemma
1.1]) : $I$
$\int_{I}|D_{t}v|^{2}dt\geq c_{0}\frac{(diamI)^{-2}}{|I|}\int_{I\cross I}|v(t)-v(t’)|^{2}dtdt’$ for $v\in C^{1}(R)$ .
$|I|=diamI$ $I$ $I=I_{j^{*}}$ $v(t)=u(t, y)\in C^{1}([-1,1]\cross$
$[-1,1])$ ‘ $y$ $[-2\gamma i, 2\gamma j]$ $Q_{j}^{*}$ $|Q_{j}^{*}|$ $8|I_{j}||J_{j}|=8|Q_{j}|$
$\int_{Q_{j}^{*}}|D_{t}u(t,y)|^{2}dtdy\geq c_{0}\frac{\gamma_{j^{-2}}}{|Q_{j}|}\int_{Q_{j}^{*}\cross Q_{j}^{l}}|u(t, y)-u(t’, y)|^{2}$dtdydt’dy’











$+2|\tilde{u}(t’,y)-\tilde{u}(t’, y’)|^{2}+2|u(t’, y’)|^{2}\}$ dtdydt’dy’
$\geq c_{0}\frac{\gamma_{j^{-2}}}{|Q_{j}|}\int_{Q_{j}\cross Q_{j}^{0}}\{|u(t, y)|^{2}/2-|u(t’, y)|^{2}+|\tilde{u}(t’,y)|^{2}$












$\geq c_{0}\gamma_{j^{-2}}\int_{I_{j}}||u||_{tt}^{2}dt$ for $u\in C^{1}(R_{t};\mathcal{H})$
(3.3) (3.7) ”cut function” : $\psi(t)\in$
$C^{\infty}$ $0\leq\psi\leq 1,$ $\psi(t)=0$ for $t\leq 0,$ $\psi(t)=1$ for $t\geq 1$ $|\psi’(t)|\leq 2$
(3.17) $\varphi_{\lambda}(t)=\{\begin{array}{l}\frac{l}{N}(j-1+\psi((t-\overline{\gamma}_{j-1})/\gamma j)^{2})ift\in I_{j}(j=l,\cdots,N)0ift<t_{0}1ift>\overline{\gamma}_{N}\end{array}$
$\langle$ $j=1,$ $\cdots,$ $N$
(3.18) $\frac{j-1}{N}\leq\varphi_{\lambda}(t)\leq\frac{j}{N}$ if $t\in I_{j}$ ,
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(3.19) $|\varphi_{\lambda}’(t)|\leq 4(\gamma jN)^{-1}$ if $t\in I_{j}$ ,
(3.20) $|(\sqrt{\varphi_{\lambda}(t)})’|\leq 4(\gamma_{j}\sqrt{Nj})^{-1}$ if $t\in I_{j}$
$u\in C_{0}^{\infty}([-1,1]^{2})$ $\sqrt{N\varphi_{\lambda}(t)}u$ (3.7)









































$CN||P_{\lambda}u||^{2}$ $\geq$ $N||D_{t}u||^{2}+N \int_{\frac{}{\gamma}}^{\overline{\gamma}[N/2]}-[N/2]|\log\lambda|^{2/\kappa}||u||_{?t}^{2}dt$
(3.30)
$+$ $\sum_{j=1}^{N+1}\gamma_{j^{-2}}\int_{I_{j}\cup(-I_{j})}||u||_{?t}^{2}dt+\gamma_{N}^{-2}\int_{|t|\geq t_{1}}||u||_{?t}^{2}dt$
$(1-\varphi_{\lambda}(|t|))^{2}+\varphi_{\lambda}(|t|)\geq 1/2$ $[N/2]$ $N/2$
$j\geq[N/2]+1$ \gamma 72 $>N|\log\lambda|^{2/\kappa}$ $N$ (3.10)
(3.11) (3.1)
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